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Abstract:

Risk assessment is one of the major challenges that must be addressed by each insurance
company. To assess risk we need to know the value of losses as well as the probability of losses,
since the risk cost is the basic component in evaluating the insurance indemnity. Statistical
methods should be used for objective evaluation of insurance processes, but because of complexity
in real life processes of insurance, statistical modelling techniques would be preferable. It is
particularly important to develop and practically apply these methods in Latvia as in recent years
(starting from 1992) the insurance market in Latvia has experienced steady growth. To improve the
competitiveness of the insurance companies, especially small companies, it is simply impossible to
do without methods allowing us to estimate the parameters of the insurance process. Taking this
into consideration it becomes important to study information systems related to the processes of
insurance and to use modern information technologies for processing the available empirical
information and the dynamic scenario forecasting performance of the insurance process taking into
account different assumptions about the factors that could affect the insurance process. The article
deals with the various statistical models that assess the risks and losses of the insurance company
allowing us to simplify the calculation of insurance premiums, insurance reserves and assess the
financial stability of the insurance company with a sufficiently wide range of parameters of the real
process of insurance. At the present time transition from local information systems to corporate
information systems based on network technologies is being accomplished in the Baltic countries.
Therefore, in the future it is important to include such statistical models into the integrated
European information system of processing insurance information.
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1. Introduction

Risk assessment is one the basic tasks to be dabiglany insurance company that wants to
remain stable in the insurance markiei.assess the insurance risk it is necessary tw kine
value and the probability of losses since the valuthe insurance risk is the key component
in assessing the insurance indemriigr objective evaluation of insurance risks mataical
statistical methods and methods of actuarial mastiesishould be used. The complexity of
real life processes of insurance substantiateméoessity to apply the statistical modeling
methods which due to the development of computdmielogies are being more widely used
in modeling insurance processes at all levelstisgawith small insurance companies and
ending with modeling of insurance processes atlgkiel of big insurance companies. The
development and application of statistical methisdsf particular importance in Latvia since
in recent years (starting from 1992) the insuramzgket in Latvia has experienced steady
growth.

In 2010 the volume of non-life insurance grew uB1& million LVL! (448 million EUR). In
2010 insurance indemnities constituted 193.1 mmllid/L (274.8 million EUR). However,
during the first two months of 2011 the volume g premiums totalled up to 31.46 million
LVL (44.76 million EUR) which is 35% less than dugithe same period in 2010. To a certain
extent it may be explained by falling prices of theurance policies as well as by the overall
financial instability in Europe. In 2011 three-giess of the insurance company was working
with profit of 1.5 million LVL (2.13 million EUR).Insurance companies gross premiums
written by the 2011th the first three quarters yaayear increase of 27.7% and were 176.8
million LVL, as well as the amount of gross claipaid increased by 12.1% and were 95.3
million LVL.

Further improvement of the competitiveness of ti®urance companies cannot be realized
without applying methods which could estimate tlaeameters of the insurance process to
guarantee sufficiently accurate and adequate deersaking process. This research deals
with the various statistical models that assesgitiks and losses of the insurance company
and allow us to accurately enough assess insurnarezaiums, insurance reserves and the
financial stability of the insurance company fosuficiently wide range of parameters of the
real process of insurance.

2. Methodology of Investigation Using Statistical Mdelling Method with
Copula

Economic researches using statistical modellinghodg have numerous challenges and
opportunities in the waiting for the twenty-firgrtury, calling for increasing numbers of non-
traditional statistical approaches. Statistical gilnag is one of the most widespread methods
of research of economic systems. The selection ethods of modelling of the economic
systems depends on a great number of conditiond€limy components) of the system being
researched. The method of statistical modellingvadl developing different scenarios of
functioning of the investigated economic systemtiSical modelling may be used for
tackling a wide range of economic problems (desigd analysis of industrial systems, stock
management, balancing of production capacitiescalion of investment funds, optimization
of investment funds, optimization of insurance sgsetc.). Modelling is frequently associated
with the factor of uncertainty (or risk), who's deiption goes outside the confines of the
traditional statistical modelling, which, in itsriy complicates the modelling process.
However, most of the economic processes and sysaeensomplex entities, consisting of a

11LVL=1.42 EUR
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great number of interrelated subsystems (whichheirtturn also are complex objects and
require a detailed study), changing their positionspace and time. For researching such
economic systems it is impossible to create anlatedp accurate effective model by applying
analytical methods. In such cases it is necessanysé the methods of modelling. In the
process of modelling the most frequently methodduse model multivariate distribution
incidental values is the parametric method of mlodglIn this case it is necessary to establish
parameters of common distribution of incidentalueasl characterizing the factors under
consideration. Usually this is done by means oflateon of parameters of multivariate
distribution, i.e. by establishing the most suigalblistribution (copula), deriving from the
available empirical data. Copula like a tool fordrebing different dependence structures more
and more widely have been used in different fietdsresearch: of economic, finance,
insurance, risk theory. Copula functions are walded object in the statistical literature.
These functions have been introduced to model at jdistribution once the marginal
distributions are known. When multivariate normatiabution is rejected by data, the copula
may be used as an important alternative to repreabendependence in joint distributions.
Copula theory makes it possible to approximatetjdistribution of the significant factors of
the economic system. On the basis of the obtainpdla model it is possible to estimate the
behaviour of the investigated economic system liatice with probabilities and therefore its
expected values what is not possible to do witlssital methods. When establishing the
distribution of parameters describing the behavioluinvestigated economic systems from
empirical information most frequently is insuffioiefor a credible assessment of parameters
offered by the function of distribution. In thesases it is necessary to use nonparametric
modelling methods, given distribution of incident@lues and then modelling parameters of
distribution. The main objectives of the paper are:

- to describe the main ideas of using of statibtinadelling methods for investigation of
economic systems;

- to use statistical modelling method with coputar talculation of optimal insurance
premium;

- to combine different marginal distributions usstgtistical modelling methods;

- to evaluate and model the risks of cereals priboloic

The technique of modelling using copula

In the real world there is often a non-linear dejmte between different variables and
correlation cannot be an appropriate measure afependency. Therefore linear Spearmen’s
correlation coefficient is a limited measure of élegence It is not surprising that alternative
methods (the copula method) for capturing co-depeayl have been considered. The concept
of copulas comes from Skfan 1959. Let us consider mathematical construatiocopula.

Let F be a joint multivariate distribution with ngamals i and k. Then, for any x X, there
exists a copula C such (1):

F(%,%,)=C(F,(x ). F,(x,)) (1)

Furthermore, if marginals;Fand k, are continuous, the copula C is unique. Conversiehy
and F, are marginal distributions and C is a copula, thke function F defined by

? Lindskog F., 2000, Modelling Dependence with Copuzepartment of Mathematics, Royal
Institute of Technology, Stockholm, Swede84.

#Sklar, A., 1973, Random variables, joint distribns, and copulagybernetica 9449-460.
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C(F,(x,),F,(x,)) is a joint distribution function with marginals End . If we have a random

vector X = (X, Xp) the copula of their joint distribution functionay be extracted from
equation (1):

C(u,,u,)=F (Fl_l (up), Fz_l(uz)) (2)

where ther? F;* are the quantile functions of the margins. Thesfaula is a function C:

c:[o1f - [0]] ©)

Recently a lot of works have devoted to the modglbf the joint distribution and to see how
these models could be better than the joint norspacification, for representing the tail
behaviour. In rough terms, a n-dimensional copsila function:

c:[o1]" - [04] 4)

with certain special properties. Alternatively wancsay that it is a multivariate distribution
function defined on the unit cu[@l]“. Copula functions are well studied object i th

statistical literature. These functions have begroduced to model a joint distribution once
the marginal distributions are known. When multigse normal distribution is rejected by
data, the copula may be used as an important atteento represent the dependence in joint
distributions. Copulas are used to combine diffensarginal distributions. They are unique, if
marginal distributions are continuous, and like etefence measures use Kendall's tau and
Spearman’s rho, which are invariant under strigtigreasing transformation. Therefore
copulas have become a powerful tool for modelliegpahdence between random variables.
Also copula methodology is effective for modellijognt distributions with fat tails. Fat tails in
financial return data have been documented in nousereal cases.

Tails dependence meaningful measure of dependené®r example, real portfolio examples
clearly show that we must use heavy tailed altéreatto the Gaussian law in order to obtain
acceptable estimates of market losses. But canustitite the Gaussian distribution with
other distributions in Value at Risk (Expected $fatl) calculations for whole portfolios of
assets? Remember, that the definition of VaR eslithe quartiles of the portfolio returns
distribution and not the returns distribution oflividual assets in the portfolio. If all asset
return distributions are assumed to be Gaussiam tthee portfolio distribution is multivariate
normal and we can apply well known statistical todbwever, when asset returns are
distributed according to different laws then the ltmariate distribution may not be
multivariate normal. In particular, linear corrétet may no longer be a meaningful measure
of dependence.

In such cases multivariate statistics offers thecept of copulas. The technical definitions
of copulas that can be found in the literature rottk more complicated, but to a financial
modelling, this definition is enough to build artuition from. What is important for VaR
calculations is that a copula enables us to coctsaunultivariate distribution function from
the marginal (possibly different) distribution furmms of n individual asset returns in a way
that takes their dependence structure into accdinnt.dependence structure may be no longer
measured by correlation, but by other adequatetimg like rank correlation and, especially,
tail dependence. Moreover, it can be shown thatefary multivariate distribution function
there exists a copula which contains all informato dependence.
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Elliptical and Archimedean copulas Copula functions do not impose any restrictiongre
financial model, so in order to reach a model thdb be useful in a given risk management
problem, a particular specification of the copulastbe chosen. From the wide variety of
copulas that exist, probably the elliptical and Wingedean copulas are most often used in
applications. Most widespread elliptical copulas &aussian and Student's copfilaEhe
Gaussian copula is given by:

o (u) o7Y(v) 2 _ 2
Cp(u,v): j j a[éxp(—x Z(ifxz:)y dedy (5)

where p is the parameter of the copula, a®d is the inverse of the standard univariate
Gaussian distribution function awd= 1/(2r(1-p%)*2

Student’s t-copula The Student's t-copula allows for joint fat tadsid an increased
probability of joint extreme events compared wille tGaussian copula. This copula can be
written as:

_v+2

t (u) 7 (v) -
C, V)= | | a£E1+ Sz\:(f_p‘;*)tzj * dsdt ©)

wherep and v is the parameter of the copula, and tvthasnverse of the standard univariate
t-distribution function with v degrees of freedopxpectation 0 and variance v/(v-2). Rank
correlation and tail dependence coefficients caredsly calculated for elliptical copulas.
There are, however, drawbacks - elliptical copulashot have closed form expressions, are
restricted to have radial symmetry and have allgnat distributions of the same type. These
restrictions may disqualify elliptical copulas frobeing used in some risk management
problems. In particular, there is usually a strordgpendence between big losses (e.g. market
crashes) than between big gains. Clearly, such mggres cannot be modelled with elliptical
copulas. In contrast to elliptical copulas, all enanly encountered Archimedean copulas
have closed form expressions. Their popularity alsmes from the fact that they allow for a
great variety of different dependence structuresnlinteresting parametric families of
copulas are Archimedean, including the well-knowaytn, Frank and Gumbel copulas.

After the marginal distributions are estimated angarticular copula type is selected, the
copula parameters have to be estimated. The fit bmmperformed by least squares or
maximum likelihood. In most cases we also havesmMonte Carlo simulations.

—00 —00

Archimedean copula Let us consider a function ¢: [0;1]—[0;1] (Archimedean copula’s
generator) which is continuous, strictly decreasiognvex and for whichp(0) = « and
¢(1)=0. We then define the pseudo inverse[ei]: [0; o] — [0;1] such that:

M 2 |87 0<t<g(0)
70 { 0 ¢(O)St£00} (7)

*Glaz, J., 2001, Approximations for the Multivariddermal Distribution with Applications in
Finance and Economicin: Applied Stochastic Models and Data Analy§s.Govaert, J.
Janssen and N. Limnios, eds., Universite de Teogmlde Compiegne, Compiegne,
France.Volume 1, 37-43.
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As ¢ is convex, the function C: [0; 1} [0; 1] defined as:

Cluy, .., W) =0 op(uy) +. . . +o(u)], ®)

is an n-dimensional Archimedean copula if
and only ifo"* is completely monotone on [@).

Copula-based dependence measures

Since the copula of a multivariate distribution aéses its dependence structure, it might be
appropriate to use measures of dependence which capela-based The bivariate
concordance measures Kendall's tau and Spearntem'sas well as the coefficient of tail
dependence, can, as opposed to the linear coorlediefficient, be expressed in terms of the
underlying copula alone. Since copulas are usedgmesent the dependence structure among
the variables when margins are known or well egeehait is useful to describe the basic
dependence measures, which can be used to inténprearameters appearing in parametric
copula families.

Kendall’s tau — dependency measure
Kendall's tau of two variables X and Y is (in terwfscopulas functions):

7(X,Y) = 4]{ i CUV)AC(UY) -1 )

where C(u, v) is the copula of the bivariate dmition function of X and Y. For the Gaussian
and Student’s t-copulas and also all other ellgiteopulas, the relationship between the linear
correlation coefficient cor(X, Y) and Kendall’s taugiven by:

cor(X,Y) = sin(i—zTrj (10)

For an Archimedean copulgX, Y) can be evaluated directly from the generatbrthe
copula:

1 @(t

r(x,Y):1+4j &dt (11)
°0¢'(t)

Spearman’s correlation

The concept of linear correlation can also be applo transformation of the basic variables.

For instance, we can consider the correlation betwibe ranking associated with X and Y,
that are U = F(X), V = G(Y). The correlation betweabe ranks, so-called Spearman’s rho is

S, =Cor(U,V) =Cor(F(X),G(Y)) (12)

It depends on the copula only and is given by:

> Embrechts, P., Lindskog, F., McNeil, A., 2003, Mllidg dependence with copulas and
applications to risk managemeht. Handbook of Heavy Tailed Distributions in Firaa)
Ed. E. Rachev, ElsevieB29-384.
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S,(X,Y) :12j[o’1]2C(u,v)dudv—3 (13)

where C(u, V) is the copula of the bivariate dmttion function of X and Y. Let X and Y have
distribution functions F and G, respectively. Ther, have the following relationship between
Spearman’s rho and the linear correlation coefficie

S, (X,Y) =cor(F(X),F(Y)) (14)

Simulating from copulas (common case). If in addition to equation (7) fime @ equals the
inverse of Laplase transform of a distribution fiime G on R satisfying G(0) = 0, the
following algorithm can be used for simulating frohe copula:

I. Simulate a variate X with distribution functi@ such that the Laplace transform of G is
the inverse of the generator.

II. Simulate n independent variateg, . , V.

lI. Return U = (@ (-log(V1)/X), ..., (@*(-log(Vn)/X)).

Frank, Clayton and the Gumbel copula can be simdlasing this procedure. For example for
the Clayton copula simulation algorithm becomes:

I. Simulate a Gamma variate X~Gamma(1l/).

[I. Simulate n independent standart uniforms vagat, ..., V.

lIl. Return U = ((1-log(VL)/X)*®...., (1-log(M)/X) ™).

For incidental factors under consideration charesitey the logistics process in
nonparametric modelling, discrete distribution ged represented in the form of histogram
and correlation dependences. By means of histognaanginal distributions are represented
for constructing a copula, presenting a commorribdigion of factors.

3. Stochastic Modelling in Insurance

3.1. Example (1) — Modelling of Simple Insurance Fud in Agriculture

The research considers the possibilities of usiogleting to evaluate the size of tariff and
stability of the insurance portfolio. The case redd to illustrates the insurance of one of the
agricultural risks — insurance of cereal sowingsng real data in Latvia. According to the
classical theory of insurance of cereal sowings,itisurance object is insurance of revenues
from cereal crops. One of problems of calculatiérihe insurance premium is definition of
character of dependence between risks of a cropacel of agricultural product. It is difficult

to calculate insurance premium for insurance ofeapected crop with use of traditional
methods of processing of the statistical informatibherefore in work the copula method for
statistical modelling of multivariate dependencestween risks of a crop and price of
agricultural product is used.
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The modelling approach ranges from non-paramairgatametric methods. Cobel K., Heifner
R. and Zuniga M. have investigated these correlations in revensarimce and found that
there is strong correlation between price and fgetd and between farm and national yield in
certain crops and regions.

The international practice of agricultural risksstmancé® shows that calculations of
formation of insurance services use several optdrmdtaining statistical data, where data are
split into three data groups, according to the phad development of the service, as follows:
- statistical data for establishing the insuranmescage;

- statistical data for calculating the insuranoenpium;

- statistical data for calculating insurance indéyn

The example shows the possibilities:

- to establish the insurance coverage for ceremings insurance process;

- to evaluate insurance tariffs and the insurameenpum;

- to evaluate the dependence structure betweepriteeand yield risks.

Let us consider the modelling scheme of the agricall insurance fund, which later will
allow us to model the process of developing the ehadd to establish the minimum amount
of the insurance fund U (without a state subsidyje minimum fund amount U guarantees
that with certaintyy agricultural losses will be compensated. For modgthe insurance fund,
we will use the simplest individual risk modellisgheme. Let us assume that the whole farm
insurance fund is satisfactory, given the followganditions:

- the number of registered farms in the fund isstant;
- risks of individual farms are independent;
- payment of premiums is effected at the beginwithe period.

The loss distribution function is equal for allrfzs.

Let us designate that:

n — number of agreements in the fund,;

j — ordinal number of the farm;

p — probability of setting in of the insurance elyen

Y; — possible losses of the farm . Valughds probability distribution function F(x);
X; — satisfied loss of the farm j. Xj = Iff¥';;

Ind; - binary index of the insurance event of the farm

By using variable Ind, we can calculate total nund@f farms incurring losses:

N :Z;mdj (15)
=

Total amount of losses is:

® Coble, K., R. Heifner, and M. Zuniga, 2000, Imptioas of Crop Yield and Revenue
Insurance for Producer Hedgindpurnal of Agricultural and Resource EconomidS2 -
452.

"Ray P.K., 1991, A Practical Guide to Multi-risk @rinsurance for Developing Countries
U.S.A.: Science Publishers, In&0-162.

8 Jansons V., Graugh A. 2006, Underlying Principles for Establishingp@ Insurances Services.
Int. Finance Symposium, May 25-26, 2006, Turkey
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Z=X, + X, +...+ X, (16)

or by using indices of setting in of the events:

n
Z=1Ind, ¥, +Ind, Y, +...+Ind,Y, =) Ind, Y, (17)
j=1
We are to compensate losses to farms with a certgiand are to ensure the required
operation of the fund with cash funds L. It meahattthe amount of the fund after

compensations must be positive with a certipu -z =0)=). The degree of risk of the
insurance fund can be established by the variatefficient:

K,.(2) =22 =D& (18)
E(Z)  E@2)

whereg(zZ) - standard deviation from the amount Z (stanéardr);

E(Z) - mathematical expectation of value Z, whiohpractice is measured with average
value of Z;

D(Z) - variation of value Z.

Figure 1. lllustration of process of total loss fomation

Y. j=12 .0

Total loss
n amount of X; = Ind;Y; .
farms

Indj.j=1.2,....n

Figure 1 shows that total loss Z is formed in mfauduring one time period. Yield riskg,X

Xz, ..., X, can be modelled by a family of Beta distributi¢h8), whereas price shocks can be
modelled by log-normal distributions:

f (X) _ an—l (1_ X)n2—1

U™ (L- u)"?duy (19)

O ey

with parameters;nand i in programme MathCad according of algorithm (20):
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ORIGIN:=1

B(n1,n2N) := |ul « runif(n1IN,0,1)
u2 « runiftnZN,0,1)
for kO1.. N
for i01..n1

Ul « ulk-1) mz+i
for jO1..n2

(20)
U2 — uZk-1) B2+

nl
-lo Uy

”

nl n2
-lo Uy | -lo uz;
L tlis

B

In most cases distributions of values (¢1,2,...,n) have asymmetrical distributions (see
Figure 2).

Figure 2. lllustration of distributions of values X;

99409

his{intvisBj 500
n

The amount of the insurance coverage in cerealmgsmMnsurance depends on the average
amount of crop received by years, in which no r@viosses took place. The results of
modelling without price risk show that very ofteariation coefficient of insurance fund,K
fluctuates within the range from 20% to 50%, whiestifies to the fact that insurance fund, is
often not so stable and additional financing isurefl from the state. In the age of up-to-date
information technologies the application of the M®arlo statistical method using copula is
sufficiently simple method and frequently allowsomiing from complicated theoretical
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calculations as well as allows obtaining sufficignaccurate practical results to take
appropriate decisions on insurance parameters.

In order to develop a multivariate model that presg a given set of marginals, a copula
approach can be used to characterize the joird giedl price risk of cereals production, which
are usually highly correlated. Results show thahfansurance, with use of new methodology
of an estimation of risks, manages to farmers apprately on 20 % more cheaply, than it

was earlier. It shows that accuracy and efficien€ynodelling of a grain yield, and also

modelling of price correlations and contracts & thsurance of a farm are improved using of
multidimensional distributions — copula. Resultsedearch are important for carrying out of
the best risk-management and reduction of lossesapiufacturers of agricultural production

from various risks of manufacture of a crop.

3.2. Example (2) — Portfolio Risk Statistical Modeing

The first works on the mathematical theory of isswwe were published bdy. Lundberg and

X. Cramer who proposed and investigated the sedatlassical model of the insurance
processThe classical model allows us to calculate the gidly of ruin and survival of the
insurance company, the principles of choice of puemload and analyzes the survival time,
the probability of insured accident, insurance gaed insurance claims. This paper example
focuses on the development of economic and mathemhatodels of non-life insurance and
their statistical modeling to estimate the ovetafises of the insurance company. Let us
consider the model of individual risk, which candmhematically represented as follows: (see
Figure 3.

Figure 3. Scheme of structure of individual risk malel

X ~ F(x)

Premiums Pr; Insurance-fund 7=3v
flow (j=1..n) U=U, + ZPr, T
Nip1=1,2 i} Ir
[0, with prob =1-¢
1, with prob = q
Insuraﬂlce fund \Vil-h. U-7>0
U-Z probability v

where n — number of contracts of insurance podfoli
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j — index of the client;
q — probability of the insured event;

N; — index of the insured event j, in the simplest N, :{1 9 :
0 1-q¢

N — number of realized insurance eviN =) N, ;

j=1
Xj — losses of the client with an index j, xaving the distribution function F(x);
Y; — insurance indemnity for the client with an ingéassesY = N, X ;

Z — total compensation (of losses) of the insurgaréfolio, Z = ZYl => N, X,

j=1 j=1
y - level of guarantees of the insurance companyaliysin the range of 0.8 to 0.95);
U0, U — value of the initial insurance fund anceatt certain period of time.

It is assumed that for the insurance portfolioftildwing conditions are met:
* number of contracts in the portfolio is constant;
* risks to customers are independent of each other;
« all payments are made without delay;
« function F(x) is equal for all clients.

Insurance portfolio modelling

Making use of the simplest Monte Carlo method wheadeling the insurance portfolio with
parameters: n = 1000, q = 0.1, F (X) - functiom aiiform distribution in the interval (0;1000)
when assessing the average losses, dispersiorssdslaand coefficient of variation of the
insurance portfolio, the relative errors compardthwhe exact results are as follosee
Figure 4:

Figure 4. Insurance portfolio modeling results

Model Theory Relative errors
M(2Z) 49934.74| 50000 e M(2) = 0.13%
D(2) 31215305 30833000 e D(2) = 1.24%
Kvar(Z) = | 11.19% | 11.11% e Kvar(Z) = | 0.75%

Insignificant relative errors (less than 2%) indéc#he possibility of a sufficiently accurate
analysis of the simplest insurance portfolio uding statistical Monte Carlo method. Further
the possibility of using the statistical Monte @arhethod as an alternative to analytical
methods for studying more complex insurance presessll be shown. To a large extent the
insurance fund depends on how well the calculatibimsurance premiums is done. To state
the financial stability of the insurance companyistnecessary to satisfy the following
inequality:

U-Z=U,+3P -YN, X, >0 (21)
= =

with the given probabilityy ( usuallyy = 0.1 or 0.05). Since UQ 6, the inequality (1) will
follow from the inequality:
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n n

>P->NIIX >0 (22)

j:]_ ! ]:]_

Knowing the distribution F of the variabENj D(j, we may find such value C of the
j=1

variabIeZFj), where with probability, the inequality (21) as well as the inequality)(Bald.

j=
The value C shows the required level of aggrega¢enjums ensuring the stability of the
insurance company with probabiliyy

C=F*'Q-y) (23)

In many real life situations the analytical solatiof the equation (23) turns out to be a
complex mathematical problem not always having ipesor sufficiently precise solutiom

this case, a good alternative is the Monte Carlthote Assume that it is necessary to evaluate
the possibility of reducing the ruin, using the ggss of reinsurance in the following case: the
insurance portfolio contains N insurance contrémtsl year from which the insurance sum of
N; contracts isS; and the insurance sum N contracts isS,. The probability of a claim is
equal to g. We assume that the level of deductiisl€s. Let us compare the solution of this
problem by a) analytical method and b) using thentddCarlo methods:

a) where N=8000, 5000, N=3000, $=10000Ls, $=20000Ls, p=0.02 due to reinsurance
whenC=16000Ls, the comparseeks to reduce the probability of ruin from 0.4913;

b) having applied for modeling thédonte Carlo methodwe obtaina fairly accurat¢R?=1.0)
regression dependence of the probability of bartksgugepending on the value of losses.

Figure 5. Ruin probability of the insurance portfolio without reinsurance — the dotted
line and polynomial approximation — solid line
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Probability of bankruptcy

After the introduction of the reinsurance process théaiity of bankruptcy decreased from
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0.15 to 0.13 (see Figure 6). This agrees well wWithresult obtained by the analytical method,
which in this case is rather time-consuming anduireg a good knowledge of actuarial
mathematics. Comparing the two methods for solting problem conclusion may be made
that the application of the Monte Carlo methodimmer than using the analytical method.
Modeling ensures quicker and easier adaptatioratmws changes in the insurance situations
which is practically very difficult to reach usimgalytical methods.

Figure 6. Ruin probabilities of the insurance portblio without reinsurance — the dotted
line and with reinsurance — the solid line
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Probability of bankruptcy

The most complex subjects for the study of finanstiability are the models of collective risk.
The theory of collective risk was developed in 1989a small group of actuaries, mainly
Scandinavian. In the theory of collective risk @surance company is seen as a reservoir
which produces a continuous stream of premiumsfeord which payments are made. The
model consists of the following three elements:

1) the flow of premiums P(t) - the total amounpoémiums received during the period (0, t);
2) q(N, t) - the probability that thé"mayment will be claimed during the period (0, t);

3) G(x) - probability with which the payments araade, and the amount paid does not exceed
X.

From these three elements it may be derived tlegpitbbability for payment in the interval (O,
t) does not exceed x what can be representedwscdn F(X, t):

F(xt) = iq(n,t)G(”)(x) (24)

where G (x) for N > 0; i convolution of the function G(xjt G© = H(x) (Heaviside

function).

For the statistical simulation of correlated randweaniables with distributions derived from
empirical data, the authors used the method oflespu

The copula for random values  X,..., X, can be described by equation:

CUy,U,,-U,) = P(F (%), F 7 (%), F (X)), (25)
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where F- marginal distribution for random valug, X=1,2,...,n.
The algorithm of simulation of random n-dimensiowattor X=(X, Xa,..., Xp) Is:
I. Simulate a variable X with distribution funatidgs such that the Laplace transform of G is
the inverse of the generator.
[I. Simulate n independent variates V1,... , Vn.
. Return U = ((-log(V1)/X)...., @*(-log(Vn)/X)).
Frank, Clayton and the Gumbel copula can be simdlasing this procedure. For example,
for the Clayton copula simulation the algorithnagsfollows:
I. Simulate a Gamma variate X~Gamma(1)).
[I. Simulate n independent standard uniform vasaté, ..., Vn.
. Return U = ((1-log(V1)/X)'8,..., (1-log(Vn)/X)*/6)).
The modeling of random vector X=(XX,, X3) has been realised by using of MatLab
programme. The algorithm of simulation of randonttee X=(X;, X, Xs) with known
p (Rho) correlation matrix is:
MatLab code:
n = 5000;
Rho =[1-0.417 -0.522; -0.417 1 0.420; -0.522 A}#2
Z = mvnrnd([O 0 0], Rho, n);
U = normcdf(Z,0,1);
X = [logninv(U(:,1),4.75,1.32) logninv(U(:,2),2.3855) wblinv(U(:,3),10.24,1.16)];
plot3(X(:,1),X(:,2),X(:,3),".);
grid on; view([-50, 50]);
xlabel('lzm"); ylabel('Norlzm’); zlabel('Laiks");
The illustration of the process of modelling ofigental value C= (C1, C2, C3) is presented in
Figure 7.

Figure 7. Examples illustrating the process of modimg of incidental value X=(X1, X2,
X3) with N=5000 and 50000 Monte-Carlo trials

Figure 7 shows how different from the usual disttibn the real joint distribution of three
correlated random variables can be. In this cas@dmparametric method of histograms is the
most appropriateBy means of a histogram, marginal distributions eaepresented for
constructing a copula, presenting a common digiohuof factors. In the simplest case,
distribution of each incidental value may be représd by means of a nonparametric method
— a block chart.

The research of the authors shows that unificadfaactuarial calculations after the creation of
a software product that implements the applicabbrMonte Carlo methods of statistical
modeling to actuarial problems is possifilbe applicatiorof Monte Carlo statistical methods
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is more natural and easier to deal with when sglwirgent tasks of the insurance process.
Setting objectives can be realized in a languagsecito the description of the real life
insurance situation, which allows greater and nfiesable practical application of methods of
actuarial mathematics in real life. Methods forvaay problems considered in this research
can be applied in the training process for studeftconomic and engineering specialtigs.

is obvious that analytical study of insurance psses described by functions of such kind
may be performed only under some specific assumgtith should be noted that in the real
life insurance process the character of distrim#tiof random variables is often not described
by any known closed analytical distributions. Irstbase the Monte Carlo method can also be
used to investigate the collective risk. Researdidbe collective risk models conducted for
educational purposes showed good agreement wisle thiotained by analytical methods (with
the number of 50000-100000 Monte Carlo trials #ative error constitutes <5% -10%).

3.3. Example (3) — Statistical Modelling and Estimigon of Fire Insurance
Parameters for Residential Buildings in Latvia

Approach to task modelling

To model the behavior of complex systems, wide issmade of non-parametric methods.
These methods do not impose initial restrictions tha functional type of distribution
functions. By means of the non-parametric approads possible to avoid specification
(establishment of parameters of the system bewggiigated) of the model, which is typically
encountered in the parametric approach. Thus tlmepacametric methddallows a wide
variety of types of non-linear behavior of the syst which are most frequently observed in
the behavior of real insurance systémsThe common scheme of modelling process is
presented in Figure 8.

® Goodwin, B. K., and A.P. Ker, 1998, Nonparametritifation of Crop Yield Distributions:
Implications for Rating Group-Risk(GRP) Crop Insura ContractsAmerican Journal of
Agricultural Economics]139- 153.

1 Jansons, V., Didenko, K., Jurenoks, V., 2006, lasce as a tool for steady development of
agriculture. VIII International scientific conference “Managenterand Sustainable
Development®, Bulgaria40 -45.
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Figure 8. Scheme of Modelling of Insurance Process
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Insurance process of residential buildings in Latvonsists of financial flows of premiums
and losses, just as suggested the estimation ofmtie parameters of the insurance. The
common model of financial flows in insurance pracespresented in Figure 9.
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Figure 9. Model of Financial Flows in Insurance Proess

S, Z Value (§;Zi)
modelling
Residential P Insurance fund
i

house \ U

N
U :U (to) +ZP| _ZTotaI

i=1

where $— sum insured;

P, — insurance premium;

Zi — insurance indemnity;

U — insurance fund;

to — initial time of insurance process;

Z1otal - geNneral & administrative expenses;
N — number of insurance objects.

Very important for insurance process is possibitifyperformance of insurance obligations
irrespective of intensity of a stream of insureérs {{, Z} and sizes of insurance payments
{Z;} and also general & administrative expensegs.Z Insurance process should be financially
stable during all time of functioning of insuranegstem. Steady financial position of
insurance company is understood as the abilithefdompany to perform a complete set of
functions and also maintain (or even increaseks#reices to be rendered for a long period of
time in the conditions of uncertainty. Stability afsurance process we understand as
performance of an inequality (1) during all time fahctioning of insurance process with
probability 1.

u-z-7z..,>0 (26)
Parameten is enough small - usually 5% or 1%. The applicatdd modelling is connected
with the fact that frequently it is not possiblepimvide a definite parametric description of the
behavior of the economic system being investigatdacertainty in insurance process is
understood as a situation when there is incomplet® information at all about the possible
conditions of the process itself and the environmien which the insurance company
functions. Conditions of uncertainty are understasdvarious random fluctuations of factors
of insurance process environment. In Latvia, takimg account short history of insurance
(2008-2012), the amount of empirical informatioradcterizing the process of formation of
main insurance parameters, such as premium Puffiment for establishing the dependence
of insurance parameters on the factors charaatgrimnsurance process. For modeling
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insurance process of residential buildimgd_atvia authors have used empirical information,
which is presented in Table 1.

Table 1. Data describing insurance process for vasus parameters characterizing
residential buildings

[3)

2 N~ | B j= e | § g

(O] 8 Q - c ot = 17 - =

£ = ez |2y S - 1l 2| g2

= 7 S o @8 = o 0 > ==

o = == S 9 S < £ c g

T £ S o = = 2 T | 22

= c n () © c

S < o c — (J] o

n O Q L T o

O

2008 8900 631.8 C 1932 59 E N Yes
2008 18000 588 B 1975 120 F ©) No
2008 396000 3835.08 A 2004 79 D L Yes
2008 12500 179.17 B 1976 84 F K Yes
2008 325000 3468.93 A 2000 445 F L Yes
2012 12 044.00f 6 480.0d C 1944 81 = N Yes
2012 12 044.00 810.00 C 1946 84 B N Yes
2012 | 21000.00 50.00 A 1989 83 F K Yes
2012 | 27010.00 680.00 A 1989 5% F K Yes

where A - stone houses; B - mixed constructionafdes; C - wood houses; S - sum insured,;
Z - insurance indemnity; S sum insured for stone housesg;-Sum insured for houses with
mixed construction (stone and wood) Ssum insured for wood houses, Z insurance
indemnity for stone houses;Z insurance indemnity for houses with mixed camgion
(stone and wood); Z- insurance indemnity for wood houses; D — wasirepf electricity
within 5 years; E - fully new electricity installah; F — electricity had not been changed; K -
central warming system; L — gas warming system; &liectrical warming system; N — using
the furnace for warming; O — no warming system.

Modelling of Insurance Parameters

For modeling and researching of insurance procésgsidential buildingsn Latvia it is
impossible to create an appropriate effective mageapplying analytical methods. In such
cases it is necessary to use the methods of siowlahodeling in combination with
nonparametric methods. With Monte-Carlo method ae simulate any quantity of random
variables, using initial empirical distributions &, Z, Zroa and inverse transformation
method. For generating valuesaBd 4 according to joint empirical distribution it's ressary
to use two marginal empirical distributions forwes $and Z. Here are two possible methods
of modeling joint distribution for incidental vect(s, Z):

- using histogram (nonparametric) method, modelialges S and Z without parameterization
— copula method for modeling multivariate distribus;

http://proceedings.iises.net/index.php?action=proceedingsindexConference&id=1 322



13 April 2014, 9th International Academic Conference, Istanbul ISBN 978-80-87927-00-7, IISES

- using marginal distributions functions for evarglue $ and Z - parametric method (see
Table 2).

Table 2. Initial empirical tables of marginal distributions of § and Z

S Zc
Cumulative %| Bin Cumulative%| Bin
0.00% 1700 0.00% 40
2.70%| 1359(¢ 2.70%| 9592.17
75.68%| 2548( 89.19%| 19144.38
89.19% 3737( 97.30%| 28696.%
89.19%  4926( 97.30%| 38248.7
94.59% 6115( 97.30%| 47800.8
97.30%  6200( 97.30%| 4800(

The illustration of the process of modelling of Wa$ S, Z is presented in Figure 7. With
Monte-Carlo method we can simulate any quantitpe#ded random variables, using initial
empirical distributions of values S, Z. After thiats possible to calculate probability of a fire
for each type of areas as:

= 27
STotal (27)

In case of residential buildings this probability i equal = 0.001471 {S=S1+S2+S3,
Srota=122,2Mnf).

Distribution of fires by various kinds of the prapeis presented in the Table 3.

Table 3. Distribution of Fires by Various Kinds of the Property

Year
2008 2009 2010 2011
Total area | 99965,7% 100535|9 82467,11 80553,94
S1 76778, 75173,43 60143]91 63896,77
S2 8923,14 8507,49 8326,06 5178,00
S3 853,55 345,36 924,82 71,3

where $ — total area of private property;
S, - total area of property of self-managements;
S; - total area of state ownership.

For calculation of quantity of standard units okarNo;; in 2011 year can be used the
formula:

011=%‘f" (28)

1489517 units. It is approximatelyMqual 1500000 units.

By means of a method of Monte Karlg:y = No/10=15000 times we will simulate a vector
(S, Z2) and calculate the general financial losses eesult of fires using the formula:
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Nu-c

Z 1o Zi i (Sju)Sfu (29)

where | — take values, B, C;i(S;) coefficient characterizing connection betweeraiSj Z at
various values of size.3-or receiving distribution for value of total &&s caused by firecAt
is necessary to model valug.4 M times (in our case M = 3000) using Monte Carletinod.
The histogram received for lossesiZ shown in Figure 10.

Figure 10. Histogram for losses £ received by Monte-Carlo method using Histograms
method

Histogram for losses Zq - modelling with histograms

Probability
=
1=
@
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Using histograms methods fog &nd Z£ it has been received:
Po=6.41 LVL;

P; =10.97 LVL.

95% confidence intervals for premiurg &d R for wood buildings are:

EO—AO <I:)0 <EO+AO’

El - Al < Pl <El + Al
where Ag = 0.21LVL,A; = 0.25 LVL.

(30)

Conclusion

The results of investigation describing in the paglews that the copula approach has been
spurred by the recent developments in the whole fassurance, resulting in an increasing
need for the modelling of multivariate risk fact@sd their interaction. Finally, the proposed
copula approach is illustrated with simulated dataalculate the premium rate of the whole
farm insuranceApplication of the modelling methods does not neag$y require knowledge

of the analytical representation of the distribmtfonctions, thus knowledge of the empirical
distribution functions is quite sufficient (i.ehe existence of empirical information about the
insurance situation in the country, about the v&lokinsurance claims, etc.). If there is no
empirical information about the losses of the iasge company which is typical at the initial
stage, consider using benchmarking, finding andimgakomparison with a more or less
similar insurance company in the given countryrothe world. Experience shows that stable
insurance companies the same cluster of insurance (having approximdtedysame volume

of services and providing the same kinds of insteaservices, having the same insurance
strategy) are similar and have very similar chamagtic parameters. After establishing the
character of behavior of factors describing theratiristics of the system being researched
using histograms, it is possible to undertake ntgation modelling. In insurance process a
great number of participants are involved and lthke a unified insurance system and for
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investigating such type of complex system therens effective method - simulating such
system using Monte Carlo method.

The use of the imitation modelling allows:

1) to model important parameters of insurance m®eehich allow to characterize the level
and sensitivity of the financial stability of ingunce systems;

2) to identify with probability P = 1 & the amount of the insurance fund required for
insurance system stability;

3) to model the behavior of financial stabilityimsurance system;

4) to enhance the performance efficiency of insceasystem.

The modern economic analysis basing on the usingfafmation technologies shows that in
the real systems the parameters describing theoetdorobjects, not always have the well-
known Gauss distribution. The nonlinear dependexndsts between various factors in our
case between factors SC and ZC. In these casesniipossible to use the linear correlation
coefficient for evaluation of measure of dependertmetween factors. It requires using other
methods for evaluation the measure of dependeret@gebn factors which had been used in
the paper. The theoretical and practical resulthisfresearch can be applied for evaluation of
premium values for different scenarios of insuram@Eess in conditions of uncertainty.
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